July 2022 NMR Topic of the Month: The Ernst Angle

How does one acquire the most signal in the least amount of time?

A more general phrasing of this question would be: how can one engineer a repetitive sequence of rf pulses to maximize
the observed signal over time? This question was addressed very early with the introduction of pulsed NMR.
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A first look at the solution.

The basic experiment in question is shown above on the left. It is a series of pulse-acquire experiments run back-to-back.
If we first make some assumptions:

1. the transverse relaxation time (Tz) is much, much less than the longitudinal relaxation time (T1)

2. the pulse is on-resonance with the signal observed
3. the pulse length is very short compared to the time between pulses (1)

Then the pseudo equilibrium of the experiment may easily be determined by matching the signal available just after an
acquisition to that just following a pulse. Evaluating that condition leads to the following:

M 1—exp[—1:/Tl]

T; = 1—exp —1'/T1 cosB SinB
Where M is the transverse magnetization generated by the pulse, M, is the thermal equilibrium magnetization, t is the

acquisition time, and {3 is the pulse rotation (flip) angle. The maximum of this expression is found by setting the derivative
of MX/MO with respect to 8 to zero and solving for 8, which yields COSBopt = exp[— T/T1] (called the Ernst angle).

Substituting back into the magnetization expression yields:

M sinpB
X — 0] :t
MU 1+cosB .
opt P

The magnetization curves for various ratios of the time between pulses (1) to the longitudinal relaxation time (T1) versus

the flip angle are shown in black in the plot above on the right. The curve showing the magnetization versus optimum flip
angle is shown in red in the plot above on the right, so where it intersects a given magnetization and r/Tlcurve is the

maximum for that T/T1‘



What about a liquid sample?

In a solid sample the first assumption above is likely to be true, but this is not the case in a liquid sample. However, it is
always true that T2 < 2T1, often true that T2 < T1' and commonly approximated in a liquid that T2 ~ T1' Allowing the

~

relaxation superoperator to be the traditional /1: = A(exp[— r/TZ], exp[— r/TZ], exp[— r/Tl]), the magnetization following

the pulses is:

MX (1—exp[—t/T1D(1—exp[—T/Tz]cosﬁ)sin[3

TO (1—exp[—T/T1]cosB)(l—exp[—r/Tz] cosﬁ)—(exp[—T/Tl]—cosB) (exp[—r/Tz]—cosﬁ)exp[—T/Tz]

Where M, is the thermal equilibrium magnetization, 9 is the (modulo 2m) free precession angle during t, and B is the flip

angle of the pulse. To get the maximum, again set the first derivative with respect to 3 to zero and solve for §.

d MX (l—exp[—r/Tl])(1—exp[—r/T2]cosﬂ)cos[3
ag M, = (1—exp[—t/lecosB)(1—exp[—T/TZJCOSB)—(expl—r/le—cosot)(expl—r/TZJ—cosB)expl—‘r/TZJ

(1—exp[—r/T1])(1—exp[—t/TZ]cosB)sina{exp[—T/Tl]sinﬁ(l—exp[—t/TZ]cosB)—sinB(exp[—T/Tz]cosﬂ)exp[—t/TZ]] _

[(1—exp[—‘r/Tl]cosB)(l—exp[—r/Tz] cosB)—(exp[—r/Tl] —cosB)(exp[—r/Tz]—cosﬂ)exp[—I/Tz]}z

exp [—r/Tl]+exp[—t/TZ](cosﬁ—exp[—T/Tz])/(l—exp[—r/Tz] cosﬂ)
1+exp [—T/Tl] exp [—r/TZ] (cosﬂ—exp[—r/TZD/(l—exp[—T/Tz]cosB)

cosﬁopt =

Then, as above, we substitute into the magnetization expression to determine the optimum value, which gives:
Mz l—exp[—r/TZ]cosﬁ sinBupt
M_O)opt = ( 1—Zexp[—T/TZJcosﬁ+exp[—2t/TZJ ) 1+cosBOPt

Below on the left are the magnetization curves for T,=T, and 9 = 0, and below on the right are the magnetization curve

for T,=T, and 9 = Tt (the colors of the curves are consistent between the figures). As 9 increases the magnetization

curves very quickly morph from those shown on the left to those on the right; however, for small precession angles there
is a dramatic effect on the magnetization. The larger the value of Tz/T1’ the smaller the optimum flip angles will be, but

the more magnetization will be produced at those smaller flip angles.
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